Introduction {#Sec1}
============

The development of an efficient and physically transparent subtraction scheme for next-to-next-to-leading order (NNLO) computations in QCD is an important problem in theoretical particle physics that attracted a lot of attention recently \[[@CR1]--[@CR24], [@CR26]--[@CR30]\]. However, among the many subtraction schemes that have been proposed, there is not a single one that is generic, fully local and fully analytic (in a sense that all the integrated subtraction terms are available in an analytic form). Given the impressive practical successes of many subtraction schemes in describing physical processes, it is unclear whether or not locality and analyticity are truly essential. However, we believe that it is useful to develop a scheme that is general, physically transparent and efficient, especially in view of the need to extend the functionality of existing subtraction schemes beyond $\documentclass[12pt]{minimal}
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                \begin{document}$$2 \rightarrow 2$$\end{document}$ processes for forthcoming LHC applications.

In Ref. \[[@CR30]\], we introduced the nested soft-collinear subtraction scheme. It is based on the idea of sector decomposition \[[@CR10], [@CR11]\] but it relies heavily on the phenomenon of color coherence in constructing soft and collinear approximations to matrix elements. This subtraction scheme is local by construction; however, initially, some subtraction terms were not known analytically. Recently, this problem was solved for both the double-soft \[[@CR31]\] and triple-collinear \[[@CR32]\] subtraction terms so that analytic results for all double-unresolved subtraction terms are now available. Building on that, in Ref. \[[@CR33]\] we presented analytic results for the production of a color-singlet final state in hadron collisions obtained within the nested soft-collinear subtraction scheme. In addition to their phenomenological relevance, we view these results as building blocks that should, eventually, allow us to describe arbitrary hard processes at hadron colliders through NNLO QCD. Typically, these building blocks are obtained by partitioning the phase space for a particular process in such a way that only emissions off two hard particles at a time lead to infra-red and collinear singularities when integration over the phase space is attempted. These hard emittors can be both in the initial or in the final state or one of them can be in the initial and the other one in the final state. When looking at the problem of constructing a subtraction scheme from this perspective, the results presented in Ref. \[[@CR33]\] should facilitate the description of the two initial-state emittors.

The goal of this paper is to take one further step towards the application of the nested soft-collinear subtraction scheme to the description of generic LHC processes by considering a situation when the hard emittors are in the final state. An important physical example of this situation is decays of colorless particles into a $\documentclass[12pt]{minimal}
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                \begin{document}$$q \bar{q}$$\end{document}$ or *gg* final state. The NNLO QCD results for the $\documentclass[12pt]{minimal}
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                \begin{document}$$q \bar{q}$$\end{document}$ final state have already been used by us in Ref. \[[@CR34]\] to describe the decay of the Higgs boson into a massless $\documentclass[12pt]{minimal}
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                \begin{document}$$b \bar{b} $$\end{document}$ pair; however, we did not provide analytic formulas for this final state in that reference. The goal of this paper is to provide such formulas and to supplement them with the analytic results for decays of a color singlet into a *gg* final state.

Although, conceptually, the computation of NNLO QCD corrections to the production and decay of a color singlet are very similar, there are a few differences between the two that are worth pointing out.In the case of the double-real corrections to the *gg* final state we need to carefully separate unresolved gluons from the resolved ones. This issue does not appear in case of production where incoming particles are always the hardest ones and their momenta are fixed.The computation of the integrated collinear counter-terms requires modifications since, in the initial-state case, the integrated collinear subtraction terms are functions of fractions of the initial energy that a hard parton carries into the hard process, while in case of the final-state emissions one has to integrate over fractions of energies that are shared by partons in the collinear splitting.Construction of the double-collinear phase space, i.e. the phase space appropriate for the description of a kinematic situation where singularities occur when each unresolved parton is emitted by a different emittor, is straightforward in the production and non-trivial in the decay cases.Obviously, no renormalization of parton distribution functions is needed to describe decay processes; for this reason, cancellation of infra-red and collinear singularities works differently in the production and decay cases.The rest of the paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} we set the stage for the calculations described in the following sections and introduce our notation. We then discuss in detail the calculation of QCD corrections to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H \rightarrow gg$$\end{document}$ decay to explain our approach. In particular, in Sect. [3](#Sec3){ref-type="sec"}, we present the computation of the NLO QCD corrections to the decay rate $\documentclass[12pt]{minimal}
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                \begin{document}$$H \rightarrow gg$$\end{document}$. In Sect. [4](#Sec4){ref-type="sec"} we discuss how to set up the calculation of NNLO QCD corrections to $\documentclass[12pt]{minimal}
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                \begin{document}$$H \rightarrow gg$$\end{document}$ decay and then consider the $\documentclass[12pt]{minimal}
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                \begin{document}$$H \rightarrow 4g$$\end{document}$ channel in detail. We present our final results for the NNLO QCD corrections to the decay of a color singlet to two gluons in Sect. [4](#Sec4){ref-type="sec"} and to a $\documentclass[12pt]{minimal}
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                \begin{document}$$ q \bar{q}$$\end{document}$ final state in Sect. [5](#Sec14){ref-type="sec"}. We discuss the validation of our results in Sect. [6](#Sec15){ref-type="sec"}, and conclude in Sect. [7](#Sec16){ref-type="sec"}. Many useful formulas and intermediate results are collected in several appendices.

General considerations {#Sec2}
======================

We begin by describing common features of QCD corrections to color singlet decays and by introducing notations that we will use throughout the paper. We consider decays of a color-singlet particle *Q* to quarks and gluons. Our goal is to provide formulas that describe NNLO QCD corrections to these decays at a fully-differential level. Specifically, we study the decay process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q \rightarrow f_i f_j + X$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\{q,{\bar{q}}\}$$\end{document}$. We first discuss the decays into the *gg* final state since, compared to $\documentclass[12pt]{minimal}
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                \begin{document}$$Q \rightarrow q \bar{q}$$\end{document}$, the singularity structure of the decay $\documentclass[12pt]{minimal}
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                \begin{document}$$Q \rightarrow gg$$\end{document}$ is more complex. Therefore, once the calculation of the NNLO QCD corrections to $\documentclass[12pt]{minimal}
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                \begin{document}$$Q \rightarrow gg$$\end{document}$ is understood, NNLO QCD corrections to $\documentclass[12pt]{minimal}
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                \begin{document}$$Q \rightarrow q \bar{q}$$\end{document}$ are easily established.

We write the perturbative expansion of the differential decay rate as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{d}\Gamma = \mathrm{d}\Gamma ^{\mathrm{LO}} + \mathrm{d}\Gamma ^{\mathrm{NLO}} + \mathrm{d}\Gamma ^{\mathrm{NNLO}} + \cdots \end{aligned}$$\end{document}$$The different contributions in Eq. ([2.1](#Equ1){ref-type=""}) are obtained by integrating various matrix elements squared over the phase space of final state particles. To describe this integration in a compact way, we introduce the notation analogous to our earlier papers \[[@CR30], [@CR33]\] and define$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left\langle F_\mathrm{LM}(1_{f_1},2_{f_2},\ldots ,n_{f_n}) {\mathcal {O}}(1,\ldots ,n) \right\rangle \nonumber \\&\quad \equiv \frac{\mathcal {N}}{2 m_{H}} \int \prod _{i=1}^{n} [df_{i}] (2\pi )^d \delta ^{(d)}(p_Q - p_1-p_2- \cdots -p_n) \nonumber \\&\qquad \times |\mathcal {M}^\mathrm{tree}|^2(1_{f_1},2_{f_2},\ldots ,n_{f_n}) \mathcal {O}(\{p_1,\ldots ,p_n\}), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {N}$$\end{document}$ is a symmetry factor for identical final-state particles, $\documentclass[12pt]{minimal}
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                \begin{document}$$d=4-2\epsilon $$\end{document}$ is the space-time dimensionality,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}{}[df_{i}] = \frac{\mathrm{d}^{d-1}p_i}{(2\pi )^{d-1}2 E_i} \theta (E_\mathrm{max}-E_i) \end{aligned}$$\end{document}$$is the phase-space element for a parton $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}^\mathrm{tree}(1_{f_1},\ldots ,n_{f_n})$$\end{document}$ is the matrix element for the process$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Q \rightarrow f_{1}(p_1)+f_2(p_2) + \cdots + f_n(p_n), \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}$$\end{document}$ is a function that depends on partons' energies and angles. Furthermore, $\documentclass[12pt]{minimal}
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                \begin{document}$$E_\mathrm{max}$$\end{document}$ is an auxiliary parameter with the dimension of energy that should be large enough to accommodate all events that are allowed by the energy-momentum conservation constraints. Its relevance will become clear in what follows. In the rest of this paper, we will use $\documentclass[12pt]{minimal}
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                \begin{document}$$E_\mathrm{max}= m_{H}/2$$\end{document}$. We note that the explicit constraint on the energy in Eq. ([2.3](#Equ3){ref-type=""}) breaks Lorentz invariance at intermediate stages of the calculation; for this reason all energies in this paper are defined in the rest frame of the decaying particle *Q*.

To describe contributions of loop-corrected processes, we introduce similar quantities[1](#Fn1){ref-type="fn"} $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left\langle F_\mathrm{LV}(1_{f_1},2_{f_2},\ldots ,n_{f_n}) {\mathcal {O}}(1,\ldots ,n) \right\rangle \nonumber \\&\quad \equiv \frac{\mathcal {N}}{2 m_{H}}\int \prod _{i=1}^{n} [df_{i}] (2\pi )^d \delta ^{(d)}(p_Q - p_1-p_2-\cdots -p_n)\nonumber \\&\qquad \times 2{\mathfrak {R}}\big [\mathcal {M}^\mathrm{tree} \mathcal {M}^{\mathrm{1-loop},*}\big ] (1_{f_1},2_{f_2},\ldots ,n_{f_n})\mathcal {O}(\{p_1,\ldots ,p_n\}), \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left\langle F_\mathrm{LVV}(1_{f_1},2_{f_2},\ldots ,n_{f_n} {\mathcal {O}}(1,\ldots ,n) )\right\rangle \nonumber \\&\quad \equiv \frac{\mathcal {N}}{2 m_{H}}\int \prod _{i=1}^{n} [df_{i}] (2\pi )^d \delta ^{(d)}(p_Q - p_1-p_2\cdots -p_n)\nonumber \\&\qquad \times \bigg [2{\mathfrak {R}}\big [\mathcal {M}^\mathrm{tree} \mathcal {M}^{\mathrm{2-loop},*}\big ]+\big |\mathcal {M}^\mathrm{1-loop}\big |^2\bigg ]\nonumber \\&\qquad \times (1_{f_1},2_{f_2},\ldots ,n_{f_n})\mathcal {O}(\{p_1,\ldots ,p_n\}). \end{aligned}$$\end{document}$$Finally, we define$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left\langle F_{X}(1,2,\ldots ,n) {\mathcal {O}}(1,\ldots ,n) \right\rangle \nonumber \\&\quad = \sum _{f_1,f_2,\ldots ,f_n} \left\langle F_{X}(1_{f_1},2_{f_2},\ldots ,n_{f_n}) {\mathcal {O}}(1,\ldots ,n) \right\rangle , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$X=\mathrm{LM,~LV,~LVV}$$\end{document}$ and the sum runs over all allowed final states. Using these notations, the three contributions to the differential width Eq. ([2.1](#Equ1){ref-type=""}) are written as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{d}\Gamma ^\mathrm{LO}= & {} \left\langle F_\mathrm{LM}(1,2)\right\rangle _\delta ,\nonumber \\ \mathrm{d}\Gamma ^\mathrm{NLO}= & {} \left\langle F_\mathrm{LM}(1,2,3)\right\rangle _\delta + \left\langle F_\mathrm{LV}(1,2)\right\rangle _\delta ,\nonumber \\ \mathrm{d}\Gamma ^\mathrm{NNLO}= & {} \left\langle F_\mathrm{LM}(1,2,3,4)\right\rangle _\delta \nonumber \\&+ \left\langle F_\mathrm{LV}(1,2,3)\right\rangle _\delta + \left\langle F_\mathrm{LVV}(1,2)\right\rangle _\delta . \end{aligned}$$\end{document}$$The symbol $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \cdots \rangle _\delta $$\end{document}$ indicates that the integration over the momenta of partons that are explicitly shown as arguments of a function $\documentclass[12pt]{minimal}
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                \begin{document}$$F_X$$\end{document}$ is not performed, so that the right hand side of Eq. ([2.8](#Equ8){ref-type=""}) provides a fully-differential description of the decay rate.

Starting from next-to-leading order, the individual terms appearing on the right hand sides of Eq. ([2.8](#Equ8){ref-type=""}) are infra-red divergent and cannot be integrated in four dimensions when taken separately. The goal of a subtraction scheme is to rearrange them in the following way$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{d}\Gamma ^{\mathrm{NLO}}= & {} \mathrm{d}\Gamma ^\mathrm{NLO}_{Q\rightarrow 2} + \mathrm{d}\Gamma ^\mathrm{NLO}_{Q \rightarrow 3},\nonumber \\ \mathrm{d}\Gamma ^{\mathrm{NNLO}}= & {} \mathrm{d}\Gamma ^\mathrm{NNLO}_{Q \rightarrow 2} + \mathrm{d}\Gamma ^\mathrm{NNLO}_{Q \rightarrow 3 } +\mathrm{d}\Gamma ^\mathrm{NNLO}_{Q \rightarrow 4}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{d}\Gamma ^\mathrm{(N)NLO}_{Q \rightarrow i}$$\end{document}$ are finite in four dimensions and contain contributions from final states with at most *i* partons. In Refs. \[[@CR30], [@CR33]\] we explained how this can be done for hadroproduction of color-singlet states. We now use a very similar procedure to discuss color singlet decays.

Since the required computations are often quite similar, we do not describe the calculational details if the results for the decay follow easily from the ones for the production. To this end, we note that a detailed introduction to our subtraction scheme can be found in Refs. \[[@CR30], [@CR33]\] and we extensively refer to these papers in what follows. In this paper, we highlight differences between the computations required for the production and decay cases and present formulas for color singlet decay to either *gg* or $\documentclass[12pt]{minimal}
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                \begin{document}$$q \bar{q}$$\end{document}$ final states. We begin with the discussion of the NLO QCD corrections to $\documentclass[12pt]{minimal}
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                \begin{document}$$H \rightarrow gg$$\end{document}$.

Higgs decay to gluons: a NLO computation {#Sec3}
========================================

We consider the NLO QCD contribution to the differential decay rate of the Higgs boson to two gluons, $\documentclass[12pt]{minimal}
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                \begin{document}$$H \rightarrow gg$$\end{document}$.[2](#Fn2){ref-type="fn"} We use the notations introduced in the previous section to write$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{d}\Gamma ^{\mathrm{NLO}}= & {} \left\langle F_\mathrm{LM}(1_g,2_g,3_g)\right\rangle _\delta \nonumber \\&+ n_f\left\langle F_\mathrm{LM}(1_q,2_g,3_{\bar{q}})\right\rangle _\delta + \left\langle F_\mathrm{LV}(1_g,2_g)\right\rangle _\delta , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$n_f$$\end{document}$ is the number of massless quarks. We consider the three terms in Eq. ([3.1](#Equ10){ref-type=""}) separately, starting with the real-emission contribution $\documentclass[12pt]{minimal}
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                \begin{document}$$F_\mathrm{LM}(1_g,2_g,3_g)$$\end{document}$. The first step is to identify all possible singularities that may appear in the computation of that contribution and to partition the phase space in such a way that for each partition only a small subset of singularities is present.

An important consequence of any partitioning is the fact that certain partons are identified as "hard". This means that, for a given partition, we should know exactly which partons cannot produce infra-red singularities. Although there are many ways to construct partitions, we find it convenient to use scalar products of the gluons' four-momenta $\documentclass[12pt]{minimal}
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                \begin{document}$$s_{ij} = 2p_i \cdot p_j$$\end{document}$ and the energy-momentum conservation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} p_H^2 = (p_1 + p_2 + p_3)^2 \;\;\; \Rightarrow \;\;\;\; m_{H}^2 = s_{12} + s_{13} + s_{23}, \end{aligned}$$\end{document}$$inside $\documentclass[12pt]{minimal}
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                \begin{document}$$\left\langle F_\mathrm{LM}(1_g,2_g,3_g)\right\rangle _\delta $$\end{document}$. We then write$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left\langle F_\mathrm{LM}(1_g,2_g,3_g)\right\rangle _\delta \nonumber \\&\quad = \left\langle \tilde{s}_{12}F_\mathrm{LM}(1_g,2_g,3_g)\right\rangle _\delta +\left\langle \tilde{s}_{13}F_\mathrm{LM}(1_g,2_g,3_g)\right\rangle _\delta \nonumber \\&\qquad +\left\langle \tilde{s}_{23}F_\mathrm{LM}(1_g,2_g,3_g)\right\rangle _\delta , \end{aligned}$$\end{document}$$where we have introduced the notation $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{s}_{ij} \equiv s_{ij}/m_{H}^2$$\end{document}$. We can use the symmetry of the matrix element and the phase space to rewrite this equation as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left\langle F_\mathrm{LM}(1_g,2_g,3_g)\right\rangle _\delta = 3 \left\langle \tilde{s}_{12}F_\mathrm{LM}(1_g,2_g,3_g)\right\rangle _\delta . \end{aligned}$$\end{document}$$Thanks to the prefactor $\documentclass[12pt]{minimal}
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Before combining this result with virtual corrections, we consider the other real-emission term in Eq. ([3.1](#Equ10){ref-type=""}), $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left\langle F_\mathrm{LM}(1,2,3)\right\rangle _\delta \nonumber \\&\quad = \left\langle F_\mathrm{LM}(1_g,2_g,3_g)\right\rangle _\delta \nonumber \\&\qquad + n_f\left\langle F_\mathrm{LM}(1_q,2_g,3_{\bar{q}})\right\rangle _\delta =[\alpha _s]\left( \frac{m_{H}^2}{\mu ^2}\right) ^{-\epsilon }\nonumber \\&\qquad \times \Bigg ( \frac{2 C_A}{\epsilon ^2} \bigg [1+\epsilon ^2\big [\text {Li}_2(1-\eta _{12})-\zeta _2 \big ] \bigg ]\nonumber \\&\qquad + \frac{2 \gamma _{g}(\epsilon )}{\epsilon } +\mathcal {O}(\epsilon ) \Bigg ) \langle F_\mathrm{LM}(1_g,2_g) \rangle _\delta \nonumber \\&\qquad + 6 \left\langle (I-C_{31})\omega ^{31}(I-S_3) \tilde{s}_{12}F_\mathrm{LM}(1_g,2_g,3_g)\right\rangle _\delta \nonumber \\&\qquad + n_f\left\langle (I-C_{31})F_\mathrm{LM}(1_q,2_g,3_{\bar{q}})\right\rangle _\delta , \end{aligned}$$\end{document}$$where we have defined$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \gamma _g(\epsilon ) = \gamma ^{22}_{z,g \rightarrow gg} + n_f\gamma ^{22}_{1,g \rightarrow q \bar{q}}(\epsilon ) = \gamma _g + \epsilon \gamma _g' + {\mathcal {O}}(\epsilon ^2). \end{aligned}$$\end{document}$$The two quantities $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _g$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _g'$$\end{document}$ are given in Eq. ([A.7](#Equ132){ref-type=""}).

It remains to combine Eq. ([3.31](#Equ40){ref-type=""}) with virtual corrections. We follow Ref. \[[@CR35]\] to separate the divergent and finite parts of the one-loop amplitude and define$$\documentclass[12pt]{minimal}
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                \begin{document}$$H \rightarrow gg$$\end{document}$ amplitude, see Appendix A in Ref. \[[@CR33]\] for details. We combine Eq. ([3.31](#Equ40){ref-type=""}) and Eq. ([3.33](#Equ42){ref-type=""}), use $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\mathrm{d}\Gamma ^\mathrm{NLO}_{Q \rightarrow 2} \nonumber \\&\quad = \frac{\alpha _s(\mu )}{2\pi }\left( 2 \gamma '_g +\frac{2\pi ^2}{3}C_A\right) \left\langle F_\mathrm{LM}(1_g,2_g)\right\rangle _\delta +\left\langle F_{\mathrm{LV}}^\mathrm{fin}(1_g,2_g)\right\rangle _\delta ,\nonumber \\&\mathrm{d}\Gamma ^\mathrm{NLO}_{Q\rightarrow 3} \nonumber \\&\quad = \langle (I-C_{31}) ( 6 \omega ^{31}(I-S_3) \tilde{s}_{12}F_\mathrm{LM}(1_g,2_g,3_g)\nonumber \\&\qquad + n_f F_{\mathrm{LM},{(}}1_q,2_g,3_{\bar{q}}) ) \rangle _\delta , \end{aligned}$$\end{document}$$where the two contributions are defined in Eq. ([2.9](#Equ9){ref-type=""}).

We conclude this section by reminding the reader that the NLO construction we just described is identical to the FKS subtraction scheme \[[@CR36], [@CR37]\]. In the next sections, we will show how to generalize the FKS scheme to NNLO.

Higgs decay to gluons: a NNLO computation {#Sec4}
=========================================

In this section we generalize the discussion of the NLO QCD corrections to the decay of a color singlet to the NNLO case. We will follow Refs. \[[@CR30], [@CR33]\] and perform subtractions of soft and collinear divergences in an iterated manner, starting from the soft ones. Many technical details are similar to the production case described at length in the above references and we do not discuss them here. Instead, we focus on the peculiarities of the decay.

Double-real contribution {#Sec5}
------------------------

There are four different partonic final states that we have to consider. They are *a*) 4 gluons, *b*) 2 gluons, 2 quarks, *c*) two quark pairs of different flavors and *d*) two quark pairs of the same flavor. We write$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left\langle F_\mathrm{LM}(1,2,3,4)\right\rangle _\delta \nonumber \\&\quad = \left\langle F_\mathrm{LM}(1_g,2_g,3_g,4_g)\right\rangle _\delta +n_f\left\langle F_\mathrm{LM}(1_g,2_g,3_q,4_{\bar{q}})\right\rangle _\delta \nonumber \\&\qquad + \frac{n_f(n_f-1)}{2}\left\langle F_\mathrm{LM}(1_q,2_{q'},3_{\bar{q}},4_{{\bar{q}}'})\right\rangle _\delta \nonumber \\&\qquad +n_f\left\langle F_\mathrm{LM}(1_q,2_q,3_{\bar{q}},4_{\bar{q}})\right\rangle _\delta . \end{aligned}$$\end{document}$$In full analogy to the NLO case, we partition the phase space in such a way that only a subset of partons are allowed to become unresolved. In case of the NNLO contributions, *two* partons can become unresolved simultaneously; we will systematically rename partons so that, eventually, the unresolved partons are always referred to as $\documentclass[12pt]{minimal}
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We first consider the four-gluon channel,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\left\langle F_\mathrm{LM}(1_g,2_g,3_g,4_g)\right\rangle _\delta $$\end{document}$, use the symmetry of the phase space and the matrix element and arrive at[6](#Fn6){ref-type="fn"} $$\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{s}_{12} \; |M(1_g,2_g,3_g,4_g)|^2$$\end{document}$ when gluons 1 and 2 become either soft or collinear to each other. To proceed further, we introduce an energy ordering for potentially-unresolved gluons $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&2m_{H}\left\langle F_\mathrm{LM}(1_g,2_g,3_g,4_g)\right\rangle \nonumber \\&\quad =\frac{1}{2}\int \prod \limits _{i=1}^{4}[df_i]\;(2\pi )^d\delta ^{(d)}\nonumber \\&\qquad \times \left( p_Q - \sum \limits _{i=1}^{4} p_i\right) \tilde{s}_{12} \theta (E_3-E_4) \nonumber \\&\qquad \times |{\mathcal {M}}(1_g,2_g,3_g,4_g)|^2 \nonumber \\&\quad = 12{\times } (2 m_H) \langle \left\langle \tilde{s}_{12}F_\mathrm{LM}(1_g,2_g,3_g,4_g) \theta (E_3 {-} E_4)\right\rangle . \end{aligned}$$\end{document}$$We now consider the 2*q*2*g* final state. In principle, it contains fewer singularities than the four-gluon final state. Therefore, one may use a simpler partition of unity to single out the potentially unresolved partons. However, to streamline the bookkeeping, we find it convenient to use identical partitioning for all final states. Our starting point is then$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&2m_{H}\left\langle F_\mathrm{LM}(1_g,2_g,3_q,4_{\bar{q}}) \right\rangle \nonumber \\&\quad =\frac{1}{2!}\int \prod \limits _{i=1}^{4}[df_i]\;(2\pi )^d\delta ^{(d)}\nonumber \\&\qquad \times \left( p_Q - \sum \limits _{i=1}^{4} p_i\right) \sum \limits _{i \ne j =1}^{4} \tilde{s}_{ij} |{\mathcal {M}}(1_g,2_g,3_q,4_{\bar{q}})|^2,\nonumber \\ \end{aligned}$$\end{document}$$where the partition of unity Eq. ([4.3](#Equ46){ref-type=""}) has already been employed. We note that the amplitude is symmetric with respect to permutations of the two gluons, so that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} |{\mathcal {M}}(i_g,j_g, k_q,l_{\bar{q}})|^2 = |{\mathcal {M}}(j_g,i_g, k_q,l_{\bar{q}})|^2. \end{aligned}$$\end{document}$$Furthermore, since in this amplitude the quark-antiquark pair arises from gluon splitting, the amplitude squared summed over quark and anti-quark polarizations satisfies $\documentclass[12pt]{minimal}
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                \begin{document}$$|{\mathcal {M}}(i_g,j_g,k_q, l_{\bar{q}})|^2=|{\mathcal {M}}(i_g,j_g,l_q,k_{\bar{q}})|^2$$\end{document}$. We can use these symmetries of the amplitude squared as well as the symmetry of the phase space to re-write Eq. ([4.6](#Equ49){ref-type=""}) in the following way$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&2m_{H}\left\langle F_\mathrm{LM}(1_g,2_g,3_q,4_{\bar{q}}) \right\rangle \nonumber \\&\quad =\frac{1}{2!}\int \prod \limits _{i=1}^{4}[df_i]\;(2\pi )^d \delta ^{(d)}\nonumber \\&\qquad \times \left( p_Q - \sum \limits _{i=1}^{4} p_i\right) \nonumber \\&\qquad \times \tilde{s}_{12} \biggl ( |{\mathcal {M}}(1_g,2_g,3_q,4_{\bar{q}})|^2 +|{\mathcal {M}}(1_g,3_g,2_q,4_{\bar{q}})|^2\nonumber \\&\qquad +|{\mathcal {M}}(1_g,4_g,2_q,3_{\bar{q}})|^2+|{\mathcal {M}}(2_g,3_g,1_q,4_{\bar{q}})|^2 \nonumber \\&\qquad +|{\mathcal {M}}(2_g,4_g,1_q,3_{\bar{q}})|^2+|{\mathcal {M}}(3_g,4_g,1_q,2_{\bar{q}})|^2 \biggr ).\nonumber \\ \end{aligned}$$\end{document}$$To proceed further, we introduce the energy ordering for the two potentially unresolved partons $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{4}$$\end{document}$ are partons of a different type, this requires us to combine the different contributions in a particular way. As an example, consider the second and the third term in Eq. ([4.8](#Equ51){ref-type=""}). Relabelling parton momenta where appropriate, we write$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&|{\mathcal {M}}(1_g,3_g,2_q,4_{\bar{q}})|^2 +|{\mathcal {M}}(1_g,4_g,2_q,3_{\bar{q}})|^2\nonumber \\&\quad = \big [ |{\mathcal {M}}(1_g,3_g,2_q,4_{\bar{q}})|^2 +|{\mathcal {M}}(1_g,4_g,2_q,3_{\bar{q}})|^2 \nonumber \\&\qquad + |{\mathcal {M}}(1_g,4_g,2_q,3_{\bar{q}})|^2\nonumber \\&\qquad + |{\mathcal {M}}(1_g,3_g,2_q,4_{\bar{q}})|^2 \big ] \theta (E_3 - E_4) \nonumber \\&\quad = 2 \left[ |{\mathcal {M}}(1_g,3_g,2_q,4_{\bar{q}})|^2 \right. \nonumber \\&\qquad \left. + |{\mathcal {M}}(1_g,4_g,2_q,3_{\bar{q}})|^2 \right] \theta (E_3 - E_4). \end{aligned}$$\end{document}$$Using these transformations, we obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&2m_{H}\left\langle F_\mathrm{LM}(1_g,2_g,3_q,4_{\bar{q}}) \right\rangle \nonumber \\&\quad = \int \prod \limits _{i=1}^{4} [df_i] \;(2\pi )^d \delta ^{(d)} \left( p_Q - \sum \limits _{i=1}^{4} p_i\right) \; \theta (E_3 - E_4)\nonumber \\&\qquad \times \tilde{s}_{12} \bigl ( |{\mathcal {M}}(1_g,2_g, 3_q,4_{\bar{q}})|^2 +|{\mathcal {M}}(1_g,3_g,2_q,4_{\bar{q}})|^2\nonumber \\&\qquad +|{\mathcal {M}}(1_g,4_g,2_q,3_{\bar{q}})|^2 +|{\mathcal {M}}(2_g,3_g,1_q,4_{\bar{q}})|^2\nonumber \\&\qquad +|{\mathcal {M}}(2_g,4_g,1_q,3_{\bar{q}})|^2 +|{\mathcal {M}}(3_g,4_g,1_q,2_{\bar{q}})|^2 \bigr ),\nonumber \\ \end{aligned}$$\end{document}$$which we can write as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left\langle F_\mathrm{LM}(1_g,2_g,3_q,4_{\bar{q}}) \right\rangle \nonumber \\&\quad =2 \bigg \langle \bigg [ F_\mathrm{LM}(1_g,2_g,3_q,4_{\bar{q}}) + F_\mathrm{LM}(1_g,3_g,2_q,4_{\bar{q}})\nonumber \\&\qquad + F_\mathrm{LM}(1_g,4_g,2_q,3_{\bar{q}}) + F_\mathrm{LM}(2_g,3_g,1_q,4_{\bar{q}})\nonumber \\&\qquad + F_\mathrm{LM}(2_g,4_g,1_q,3_{\bar{q}}) + F_\mathrm{LM}(3_g,4_g,1_q,2_{\bar{q}})\bigg ] \tilde{s}_{12}\theta (E_3-E_4) \bigg \rangle . \end{aligned}$$\end{document}$$We note that the six terms in Eq. ([4.11](#Equ54){ref-type=""}) have very different singularity structures. For example, all the terms in Eq. ([4.11](#Equ54){ref-type=""}) that contain gluon $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_4 \rightarrow 0$$\end{document}$. In the remaining three terms, the energy $\documentclass[12pt]{minimal}
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                \begin{document}$$E_4$$\end{document}$ is associated with an anti-quark and, therefore, these terms are not singular in the single-soft limit. Similarly, the collinear limit $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{41}$$\end{document}$ corresponds to an (anti)quark and a gluon becoming collinear in the first, second, fifth and sixth terms in Eq. ([4.11](#Equ54){ref-type=""}). However, the same limit describes a kinematic configuration with two collinear gluons in the third term in Eq. ([4.11](#Equ54){ref-type=""}). Clearly, the two limiting cases result in different splitting functions and different reduced matrix elements.

Finally, we turn to the four-quark channels, where we need to make a further distinction between cases when quarks have same or different flavors. If they are different, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&2m_{H}\left[ \frac{n_f(n_f-1)}{2}\right] \left\langle F_\mathrm{LM}(1_q,2_{q'},3_{\bar{q}},4_{{\bar{q}}'} ) \right\rangle \nonumber \\&\quad = \frac{n_f(n_f-1)}{2} \int \prod \limits _{i=1}^{4}[df_i] \;(2\pi )^d \delta ^{(d)}\nonumber \\&\qquad \times (p_Q - \sum \limits _{i=1}^{4} p_i) \; |{\mathcal {M}}(1_q,2_{q'},3_{{\bar{q}}},4_{{\bar{q}}'})|^2. \end{aligned}$$\end{document}$$If the flavors are identical, we can use the same amplitude $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}$$\end{document}$ as for the different-flavor case, accounting for a permutation of two identical particles. We write$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&2m_{H}\;n_f\; \langle F_\mathrm{LM}(1_q,2_{q},3_{\bar{q}},4_{{\bar{q}}}) \rangle \nonumber \\&\quad = \frac{n_f}{(2!)^2} \int \prod \limits _{i=1}^{4} [df_i] \;(2\pi )^d \delta ^{(d)}\left( p_Q - \sum \limits _{i=1}^{4} p_i\right) \nonumber \\&\qquad \times |{\mathcal {M}}(1_q,2_{q'},3_{\bar{q}},4_{{\bar{q}}'}) - {\mathcal {M}} (1_q,2_{q'},4_{\bar{q}},3_{{\bar{q}}'})|^2.\nonumber \\ \end{aligned}$$\end{document}$$We denote the interference term as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\mathrm{Int}(1_q,2_q,3_{\bar{q}},4_{\bar{q}}) \nonumber \\&\quad = -2\mathrm{Re}\left( {\mathcal {M}}(1_q,2_{q'},3_{\bar{q}},4_{{\bar{q}}'}) {\mathcal {M}}^*(1_q,2_{q'},4_{\bar{q}},3_{{\bar{q}}'}) \right) ,\nonumber \\ \end{aligned}$$\end{document}$$and write the *complete* four-quark contribution to the decay rate, including both different and identical flavors, as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&2m_{H}\langle F_\mathrm{LM}^{(4q)}(1,2,3,4) \rangle \nonumber \\&\quad = \frac{n_f^2}{2} \int \prod \limits _{i=1}^{4}[df_i]\;(2\pi )^d \delta ^{(d)}\nonumber \\&\qquad \times \left( p_Q - \sum \limits _{i=1}^{4} p_i\right) |{\mathcal {M}}(1_q,2_{q'},3_{{\bar{q}}},4_{{\bar{q}}'})|^2 \nonumber \\&\qquad + \frac{n_f}{4} \int \prod \limits _{i=1}^{4}[df_i]\;(2\pi )^d \delta ^{(d)}\nonumber \\&\qquad \times \left( p_Q - \sum \limits _{i=1}^{4} p_i\right) \mathrm{Int}(1,2,3,4). \end{aligned}$$\end{document}$$The interference term in Eq. ([4.15](#Equ58){ref-type=""}) is not singular and can be evaluated in four dimensions; for this reason we keep it as it is. Moreover, the first term in that equation only produces singularities when either one or two $\documentclass[12pt]{minimal}
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                \begin{document}$$q{\bar{q}}$$\end{document}$ pairs become collinear. Despite this simplicity, we find it convenient to treat the four-quark contributions Eq. ([4.15](#Equ58){ref-type=""}) in the same way as the two other channels that we discussed previously. To this end, we insert the partition of unity Eq. ([4.3](#Equ46){ref-type=""}) into the integrands in Eq. ([4.15](#Equ58){ref-type=""}), re-label partonic momenta, use the symmetry of the amplitude squared$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} |{\mathcal {M}}(i_q,j_{q'},k_{\bar{q}},l_{{\bar{q}}'})|^2= & {} |{\mathcal {M}}(i_q,l_{q'},k_{\bar{q}},j_{{\bar{q}}'})|^2 \nonumber \\= & {} |{\mathcal {M}}(k_q,j_{q'},i_{\bar{q}},l_{{\bar{q}}'})|^2, \end{aligned}$$\end{document}$$and obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&2m_{H}\langle F_\mathrm{LM}^{(4q)}(1,2,3,4) \rangle \nonumber \\&\quad =n_f^2 \int \prod \limits _{i=1}^{4} [d f_i] \;(2\pi )^d \delta ^{(d)}\left( p_Q - \sum \limits _{i=1}^{4} p_i\right) \nonumber \\&\qquad \times \tilde{s}_{12}\biggl ( 2 |{\mathcal {M}}(1_q,2_{q'},3_{\bar{q}},4_{{\bar{q}}'} )|^2 + |{\mathcal {M}}(1_q,3_{q'},2_{{\bar{q}}},4_{{\bar{q}}'})|^2 \biggr ) \nonumber \\&\qquad + \frac{n_f}{4} \int \prod \limits _{i=1}^{4} [d f_i] \;(2\pi )^d \delta ^{(d)} \left( p_Q - \sum \limits _{i=1}^{4} p_i\right) \; \mathrm{Int}(1,2,3,4). \end{aligned}$$\end{document}$$The prospective unresolved partons are $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{3,4}$$\end{document}$. Similar to other channels, we introduce the energy ordering $\documentclass[12pt]{minimal}
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                \begin{document}$$E_3 > E_4$$\end{document}$ and again use the symmetry of the amplitude squared to simplify the result. We obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\langle F_\mathrm{LM}^{(4q)}(1,2,3,4) \rangle \nonumber \\&\quad = n_f\left\langle F_\mathrm{LM}^\mathrm{int} (1_q,2_{q},3_{\bar{q}},4_{{\bar{q}}}) \right\rangle \nonumber \\&\qquad + 2n_f^2 \big \langle \big [ F_\mathrm{LM}(1_q,2_{q'},3_{\bar{q}},4_{{\bar{q}}'}) + F_\mathrm{LM}(1_q,2_{q'},4_{\bar{q}},3_{{\bar{q}}'})\nonumber \\&\qquad + F_\mathrm{LM}(1_q,3_{q'},2_{\bar{q}},4_{{\bar{q}}'}) \big ]\tilde{s}_{12}\theta (E_3 - E_4) \big \rangle , \end{aligned}$$\end{document}$$where we have defined$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&n_f\left\langle F_\mathrm{LM}^\mathrm{int}(1_q,2_{q},3_{\bar{q}},4_{{\bar{q}}}) \right\rangle \nonumber \\&\quad =\frac{n_f}{4} \left[ \frac{1}{2m_{H}}\right] \int \prod \limits _{i=1}^{4} [d f_i] \;(2\pi )^d \delta ^{(d)}\nonumber \\&\qquad \times \left( p_Q - \sum \limits _{i=1}^{4} p_i\right) \; \mathrm{Int}(1,2,3,4). \end{aligned}$$\end{document}$$Upon combining all the channels, we obtain the final result for the double-real contribution to the decay width. It reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left\langle F_\mathrm{LM}(1,2,3,4) \right\rangle _\delta \nonumber \\&\quad =\Bigg \langle \tilde{s}_{12}\theta (E_3 - E_4)\times \Bigg \{ 12 F_\mathrm{LM}(1_g,2_g,3_g,4_g) \nonumber \\&\qquad + 2n_f\bigg [F_\mathrm{LM}(1_g,2_g,3_q,4_{\bar{q}})+F_\mathrm{LM}(1_g,3_g,2_q,4_{\bar{q}})\nonumber \\&\qquad +F_\mathrm{LM}(1_g,4_g,2_q,3_{\bar{q}})+F_\mathrm{LM}(2_g,3_g,1_q,4_{\bar{q}})\nonumber \\&\qquad +F_\mathrm{LM}(2_g,4_g,1_q,3_{\bar{q}})+F_\mathrm{LM}(3_g,4_g,1_q,2_{\bar{q}})\bigg ]\nonumber \\&\qquad +2n_f^2 \bigg [F_\mathrm{LM}(1_q,2_{q'},3_{\bar{q}},4_{{\bar{q}}'})+F_\mathrm{LM}(1_q,2_{q'},4_{{\bar{q}}},3_{{\bar{q}}'})\nonumber \\&\qquad +F_\mathrm{LM}(1_q,3_{q'},2_{\bar{q}},4_{{\bar{q}}'})\bigg ]\Bigg \} +n_fF_\mathrm{LM}^\mathrm{int}(1_q,2_q,3_{\bar{q}},4_{\bar{q}})\Bigg \rangle _\delta . \end{aligned}$$\end{document}$$To illustrate how soft and collinear singularities are extracted from the double-real emission contribution Eq. ([4.20](#Equ63){ref-type=""}), we focus on the four-gluon final state $\documentclass[12pt]{minimal}
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                \begin{document}$$F_\mathrm{LM}(1_g,2_g,3_g,4_g)$$\end{document}$. This contribution possesses the richest singularity structure yet, at the same time, it is one of the simplest as far as the bookkeeping is concerned. After explaining how the singularities are extracted in this case, we present the results for all channels in Sect. [4.4](#Sec13){ref-type="sec"}.

### Double-soft contribution for $\documentclass[12pt]{minimal}
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                \begin{document}$$H \rightarrow gggg$$\end{document}$ {#Sec6}

Similar to the production case, we begin with the double-soft limit that occurs when $\documentclass[12pt]{minimal}
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                \begin{document}$$E_3,E_4\rightarrow 0$$\end{document}$. We follow Refs. \[[@CR30], [@CR33]\] and introduce an operator that extracts the leading double-soft singularity from the product of the matrix element squared and the phase space, and writeThe double-soft limit is computed in exactly the same way as in the production case \[[@CR30], [@CR33]\]. We findwhere \[[@CR31]\]We use Eq. ([4.21](#Equ64){ref-type=""}) and writeThe term on the second line in Eq. ([4.24](#Equ67){ref-type=""}) does not contain double-soft singularities anymore but it still contains both single-soft and collinear ones. We discuss how to extract them in what follows.

### Single-soft contribution {#Sec7}

We need to extract the single-soft singularity fromsee Eq. ([4.24](#Equ67){ref-type=""}). The soft limit of the amplitude squared reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&S_4 |\mathcal {M}^\mathrm{tree}(1_g,2_g,3_g,4_g)|^2 \nonumber \\&\quad = g_{s,b}^2 C_A \sum \limits _{(ij) \in {1,2,3}}^{} \frac{p_i \cdot p_j}{(p_i \cdot p_4) ( p_j \cdot p_4)}\nonumber \\&\qquad \times |\mathcal {M}^\mathrm{tree}(1_g,2_g,3_g)|^2, \end{aligned}$$\end{document}$$where the sum runs over three *ij*-pairs, $\documentclass[12pt]{minimal}
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                \begin{document}$$\{1,2\},\{1,3\},\{2,3\}$$\end{document}$. The gluon $\documentclass[12pt]{minimal}
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                \begin{document}$$g_4$$\end{document}$ decouples both from the hard matrix element and the phase-space; hence, integration over its four-momentum is identical to the NLO case except that the upper boundary for the $\documentclass[12pt]{minimal}
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                \begin{document}$$E_3$$\end{document}$. Repeating steps analogous to what we discussed at NLO, we findwhere$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} J_{S_4}^{ggg}= & {} [\alpha _s]\left( \frac{4 E_3^2}{\mu ^2}\right) ^{-\epsilon } \; \frac{C_A}{\epsilon ^2}\nonumber \\&\times \Bigg [\left( \eta _{12}\right) ^{-\epsilon } K_{12} +\left( \eta _{13}\right) ^{-\epsilon } K_{13} +\left( \eta _{23}\right) ^{-\epsilon } K_{23}\Bigg ],\nonumber \\ \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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### Collinear singularities: general structure {#Sec8}
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The double-collinear partitions can be dealt with in a relatively straightforward way since the collinear singularities are clearly isolated. The only issue that we need to address is the construction of a proper phase space for this contribution; we discuss how this can be done in Appendix B. For the triple-collinear partitions, we need to order the emission angles of gluons $\documentclass[12pt]{minimal}
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                \begin{document}$$g_4$$\end{document}$ and we refer to these orderings as "sectors" that we label as *a, b, c, d*, see Refs. \[[@CR30], [@CR33]\] for details. Explicitly, we write$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 1= & {} \theta \left( \eta _{41}< \frac{\eta _{31}}{2} \right) + \theta \left( \frac{\eta _{31}}{2}< \eta _{41}< \eta _{31} \right) \nonumber \\&+ \theta \left( \eta _{31}< \frac{\eta _{41}}{2} \right) + \theta \left( \frac{\eta _{41}}{2}< \eta _{31} < \eta _{41} \right) \nonumber \\= & {} \theta ^{(a)} + \theta ^{(b)} + \theta ^{(c)} + \theta ^{(d)}. \end{aligned}$$\end{document}$$Once partitions and sectors are introduced, we can extract the collinear limits from the decay rates following the procedure already discussed for the production case \[[@CR30], [@CR33]\]. Note, however, that similar to the NLO computations discussed in Sect. [3](#Sec3){ref-type="sec"}, we have to integrate the various splitting functions appearing in the calculation over energies to obtain (generalized) anomalous dimensions.

We now summarize the relevant steps for the extraction of the collinear singularities, closely following the procedure and notation of Ref. \[[@CR30], [@CR33]\]. We introduce the short-hand notationand write$$\documentclass[12pt]{minimal}
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### Soft-regulated single-collinear contribution {#Sec9}

To obtain an expression for the soft-regulated single-collinear contribution $\documentclass[12pt]{minimal}
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### Soft-regulated triple- and double-collinear contribution {#Sec10}

We now discuss the triple- and double-collinear contribution $\documentclass[12pt]{minimal}
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This contribution requires a non-trivial integration of the triple-collinear splitting function over energies and angles of particles that participate in the splitting. The relevant computation was performed in Ref. \[[@CR32]\]. Using the results presented there, we can write the final result for the soft-regulated triple- and double-collinear contribution aswhere the first term on the right hand side comes from double-collinear configurations and the second one from the triple-collinear ones. The integral of the triple-collinear splitting function, with soft and collinear singularities subtracted, is denoted by $\documentclass[12pt]{minimal}
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Real-virtual contribution {#Sec11}
-------------------------

We now turn to the discussion of real-virtual contributions. Their calculation is similar to the NLO case discussed in Sect. [3](#Sec3){ref-type="sec"}. As in the previous section, we illustrate the most important steps of the real-virtual calculation for the three-gluon final state. Similar to NLO, we introduce a phase-space partitioning and write$$\documentclass[12pt]{minimal}
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The starting point for the calculation of the soft subtraction contribution is the factorization property of the one-loop amplitude \[[@CR38]\], that leads to$$\documentclass[12pt]{minimal}
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                \begin{document}$$13_g$$\end{document}$" indicates a gluon that has the same direction as the gluon $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_1$$\end{document}$ but whose energy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{13}$$\end{document}$ is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{13}=E_1+E_3$$\end{document}$. As in Sect. [3](#Sec3){ref-type="sec"}, the symbol $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Finally, it is also convenient to explicitly extract the $\documentclass[12pt]{minimal}
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Double-virtual corrections {#Sec12}
--------------------------

The double-virtual contribution is identical to those in the production case described in Refs. \[[@CR30], [@CR33]\]. For convenience, we report the relevant formulas here. Following Ref. \[[@CR35]\], we extract all the $\documentclass[12pt]{minimal}
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Final result {#Sec13}
------------

The sum of the different contributions discussed in the previous sections gives a result that is finite in the $\documentclass[12pt]{minimal}
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In this section, we consider the second type of decays, $\documentclass[12pt]{minimal}
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The NLO computation in this case is simpler than for the $\documentclass[12pt]{minimal}
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At NNLO, we also do not require any additional partitioning except perhaps for the 4*b* final state that arises from the prompt decay of the Higgs boson.[9](#Fn9){ref-type="fn"} We show in Appendix C that the contribution of this subprocess to the decay rate can be written as a sum of two terms: a term that coincides with the contribution of the decay $\documentclass[12pt]{minimal}
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                \begin{document}$$\Theta _{ij}$$\end{document}$ are defined in Eqs. ([4.48](#Equ91){ref-type=""}, [4.49](#Equ92){ref-type=""}).

Validation of results {#Sec15}
=====================

In this section, we use the analytic formulas for the fully-differential decay rates presented above to calculate the NNLO QCD corrections to decays $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _s= \alpha _s(\mu )$$\end{document}$ being the renormalized coupling in a theory with 5 massless flavors and *v* is the Higgs vacuum expectation value, see e.g. Ref. \[[@CR65]\]. For the numerical results presented below, we use $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_t=173.2$$\end{document}$ GeV.

For numerical checks, we split the width for the $\documentclass[12pt]{minimal}
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                \begin{document}$$H \rightarrow gg$$\end{document}$ decay. The residual Monte Carlo integration error is given in parentheses. See text for detailsColor structureNumerical resultAnalytic result$\documentclass[12pt]{minimal}
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                \begin{document}$$H \rightarrow b\bar{b}$$\end{document}$. Again, we consider a 125 GeV Higgs boson and five flavors of massless quarks, which allows us to use the results presented in Sect. [5](#Sec14){ref-type="sec"}. The Higgs couples to bottom quarks only, through a Yukawa interaction$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _R = 2m_{H}$$\end{document}$ for this comparison. The agreement is consistently below the per mille level across all color structures.Table 2Comparison between numerical and analytic results for NLO and NNLO color coefficients appearing in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H \rightarrow b\bar{b}$$\end{document}$ decay. The residual Monte Carlo integration error is given in parentheses. See text for detailsColor structureNumerical resultAnalytic result$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^{(1)}_{C_F}$$\end{document}$12.659 (2)12.659$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^{(2)}_{C_F^2}$$\end{document}$62.59 (1)62.60$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^{(2)}_{C_AC_F}$$\end{document}$66.23 (1)66.23$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^{(2)}_{C_Fn_f}$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-$$\end{document}$20.24 (1)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-$$\end{document}$20.24

Finally, we compare exclusive jet rates for the $\documentclass[12pt]{minimal}
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Conclusion {#Sec16}
==========

We presented analytic formulas that describe fully-differential decays of color-singlet particles to $\documentclass[12pt]{minimal}
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Appendix A: Auxiliary quantities {#Sec17}
================================

In this appendix, results for various quantities used in this paper are summarized. We start with discussing the partition functions. They read$$\documentclass[12pt]{minimal}
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Appendix B: Double-collinear phase space {#Sec18}
========================================

In this appendix we describe the parametrization of the double-collinear phase space, which turns out to be somewhat convoluted in this case.[12](#Fn12){ref-type="fn"}
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Appendix C: Prompt decays of the Higgs boson to $\documentclass[12pt]{minimal}
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In this appendix, we consider the prompt decay of the Higgs boson[13](#Fn13){ref-type="fn"} to four *b*-quarks$$\documentclass[12pt]{minimal}
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To overcome this problem we make use of the symmetries of the $\documentclass[12pt]{minimal}
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The interference terms in Eq. ([C.4](#Equ168){ref-type=""}) are more involved since it is not possible to choose hard and soft momenta unambiguously. Before discussing this, we note that since helicities of massless quarks are conserved and since $\documentclass[12pt]{minimal}
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We note that in this paper we always work with UV-renormalized amplitudes.

In this section and in Sect. [4](#Sec4){ref-type="sec"}, we assume that the Higgs directly couples to gluons through an effective vertex.
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We emphasize that in this section, the Higgs boson does not couple to gluons but only to *b*-quarks. Furthermore, we assume that all quarks are massless, despite the *b*-quark having a non-vanishing Yukawa coupling.

To avoid confusion, we emphasize that in the previous section a 4*q* final state originating from the decay $\documentclass[12pt]{minimal}
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For our implementation, we take all the non-trivial amplitudes from Refs. \[[@CR40], [@CR41]\].

We note that similar calculations have been discussed earlier \[[@CR45]--[@CR62]\], see e.g. \[[@CR63], [@CR64]\] for an exhaustive list of references.

We note that this issue is particular to $\documentclass[12pt]{minimal}
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                \begin{document}$$N > 2$$\end{document}$, this does not happen since one can always choose the angles of the two hard emittors as independent variables.

We remind the reader that in this appendix we assume that the Higgs boson *only* couples to *b*-quarks.

The research of K.M. was supported by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under Grant 396021762-TRR 257. The research of F.C. was partially supported by the ERC Starting Grant 804394 [hipQCD]{.smallcaps}. F.C. would like to thank the Physics Department of the University of Milano for hospitality during the completion of this work.

This manuscript has no associated data or the data will not be deposited. \[Authors' comment: This is a theoretical article. All the scientific information is contained in analytic formulas reported in the text.\]
